y = jth Legendre transform of the Fundamental
Equation
= f(f], . .,fj, Xj+1s o+ .,xm)
Y = first-order partial derivative of the jth Legendre
transform with respect to xx (if k > j) or & (if k

=1

y? = second-order partial derivative of y“’ with respect
to either x;(i > §) or &(i = f) and xx(k > ) or
(k=)

p; = chemical potential of component j

= (8U/8N;) 8,v,N1,..IN}1..Nn
& = (9y0/0%) 2y, tx)om  OF

(0y /0% ) g1, bjzjt Lolaklozm A K>
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Thermodynamic Stability Criterion

for Pure Substances and Mixtures

Criteria are derived to specify the limit of stability for pure material and

multicomponent thermodynamic systems. Through the use of Legendre
transforms, the criteria may be expressed in a very simple form that only

BRUCE L. BEEGLE
MICHAEL MODELL

involves the determination of positiveness of a single second-order partial and

derivative of a potential function. Alternate and equivalent criteria are
shown to result from a simple reordering of the independent variables in
the Fundamental Equation of Gibbs. Certain criteria that are often stated
as necessary conditions of stability (for example, C, > 0) are shown to be
insufficient for specifying the limit of stability; that is, a system will always

ROBERT C. REID

Department of Chemicaol Engineering
Massachusetts Institute of Technology
Cambridge, Massachusetts 02139

become unstable for other reasons before C,, can attain a negative value.

SCOPE

Thermodynamic systems are often categorized as being
stable or unstable. The latter, by definition, cannot exist
and must undergo a change to one or more stable phases.
Of interest here are the criteria (or criterion) which one
may use to track a stable system as it approaches an un-
stable state, the cross-over condition being defined as the
limit of stability.

The basic concept is that an isolated system in stable
equilibrium possesses the maximum possible entropy or,

equivalently, the least energy (at constant entropy). By a
series expansion around the state variables, inequalities
can be developed to indicate whether or not a system
is indeed in stable equilibrium or, more importantly, under
what conditions would a given system be expected to
reach the stability limit.

These inequalities are developed in their general form
and use is made of Legendre transform theory to simplify
the resulting inequalities.

CONCLUSIONS AND SIGNIFICANCE

For a n-component system, it is shown that a single
criterion sufficies to define the stability limit. This criterion
is

>0 (stable systems)

(n)
y(:+1)(n+ 1)
= 0 (at the limit of stability)

R %orrespondence concerning this paper should be addressed to R. C.
eid.

Reviews for _this paper were solicited and evaluated by Professor
John M. Prausnitz, a member of the Journal Editorial Board.
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Here, y(n) is the nth Legendre transform and yE,’Ill)(nH)
represents the second-order partial derivative of ™ with
respect to the n + 1 variable (see Beegle et al., 1974).
For a pure component system (n = 1), the energy is a
function of the entropy, volume, and mass. Depending
upon the ordering of these variables, six equivalent cri-
teria can be written from the relation given above (see
Table 1). The most common of these is —(9P/aV)r.x > 0.

It is shown that other cited criteria (for example, C, > 0),
alt}'lough necessary for stable states, are not sufficient cri-
teria to determine the limit of stability.

AIChE Journal (Vol. 20, No. 6)



Applying the criterion to binary and ternary systems,
one again finds very simple inequalities to employ in test-
ing stability. Again there result multiple and equivalent
criteria depending upon the ordering of the variables of
entropy, volume, and mole numbers (see Tables 2 and 3).
It is shown that multicomponent systems have wider
domains of instability than pure components.

Finally, generalized determinant inequalities are formu-
lated so that the stability criterion shown above may be
written in terms of other Legendre transforms if available
data suggest that derivatives of these transforms could be
more readily obtained.

Critical states are not discussed; thev are the subject
of a subsequent paper.

Thermodynamic systems can be broadly classified as
being either stable or unstable. However, only stable sys-
tems exist and are amenable to experimental study. By the
very definition, unstable systems will spontaneously change
to form one or more different, stable systems.

As state variables such as temperature, pressure, com-
position, etc. vary, it is important to possess criteria that
can be used to judge when a given stable system might
become unstable. Although several thermodynamic texts
introduce such criteria (Prigogine and Defay, 1954;
Callen, 1960; Miinster, 1970; Modell and Reid, 1974;
Rowlinson, 1969), none present a general treatment of
the subject and, in some cases, the criteria given are too
restrictive. .

In the present paper we derive simple yet necessary and
sufficient criteria for stability. The criteria are illustrated
for pure components, binary, and multicomponent sys-
tems. Reference is made to the first paper of this series
(Beegle et al., 1974) wherein some aspects of Legendre
transform theory were developed.

STABILITY CONCEPTS—A SIMPLE EXAMPLE

To focus on a particularly simple example, consider a
subcooled, single-phase pure liquid in an isothermal en-
vironment (see Figure 1.) As the pressure is reduced to
the saturation pressure (b), one might expect boiling to
result. Usually this event does occur and vapor at (c)
appears. However, if the liquid is reasonably free of
nucleation motes and the container is made from an ideal
smooth surface, we can superheat the liquid by passing
into the dome toward (d}. Reducing the pressure still
further, we find experimentally that there is a limit to how
far we can lower the pressure before a spontaneous phase
change occurs. Often, however, we can attain very high
negative pressures before the transition appears. The path
from (b) to (d) is termed metastable indicating there
exists a more stable phase (that is, vapor) but, with re-
spect to small perturbations on the system, no significant
change results. Although the lowest attainable pressure
depends on our skill as experimentalists, we will show

ISOTHERM

PRESSURE

@

AN

(e)

VOLUME
Fig. 1. lilustration of superheated or supercooled metastable states.
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that there does exist a true thermodvnamic limit where
even the smallest further reduction in pressure leads to a
phase change. We call this condition the limit of intrinsic
stability; on Figure 1, it is shown schematically at (e).

The point to be emphasized in this simple example is
that the liquid phase is intrinsically stable in the domain
from (a) through (b) and (d) up to (e). At (e), at least
one of the stability criteria is violated.

Similar reasoning could be invoked for an isothermal
compression of saturated vapor at (c¢) to some intrinsic
limit at (f) where even a slight increase in pressure would
lead to the disappearance of the vapor phase.

GENERAL CRITERIA OF EQUILIBRIUM AND STABILITY

Either the entropy or energy 1‘epresentati0n may be
emploved to express the general criteria (Gibbs, 1876.
1878; Modell and Reid, 1974). Both are completely equiv-
alent. We choose the latter since derivatives in the energy
system are more commonly emploved in classical thermo-
dynamics. For a system in a stable equilibrium state at
constant total entropy, volume, and mass, the total internal
energy should be a minimum. Alternatively, any small
perturbation should result in an increase in total internal
energy. For such small perturbations, U can be expanded
in a Tavlor series

AU=8U+&8U+ ...>0 (1)
For equilibrium to exist,
8U =0 ()
and for the system to be stable
U >0 (3)

where 8°U is the lowest nonvanishing variation. The con-
straints on Equation (1) are that, for all variations, the
total entropy, volume, and mass be unchanged.

The Fundamental Equation of thermodynamics may be
expressed as

E:U(§,‘_/aNl) ey 2\11‘1) (4)

but since this implies some particular ordering of terms,
we will use, instead, the subscripted variables xy, x5, ...
where any ordering is allowed. Also, since we shall em-
ploy Legendre transforms in the treatment, then, to allow
ready reference to the previous paper (Beegle et al., 1974),
we shall substitute y®, for U. Then Equations (1)

through (4) become

Ay = Sy 4 8y© 4+ . >0
Sy =0 :
sgy(O) > 0 L( (5)
Yy =f(x1, ..., %m) J

The equilibrium equality, Equation (2), is not pertinent
to the present development. It is most useful to formulate
criteria of equilibrium for systems containing semipermec-
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able membranes, or where phase and chemical reaction
equilibria are being studied (Modell and Reid, 1974). Of
more interest here is the stability inequality, Equation (3).
Except at critical points, only second-order terms need be
employed. (At critical points, as shown in a subsequent
paper, the second-order variation is zero and higher-order
terms must be considered to delineate stability.) The
second-order variation may be expanded around the state
variables:

m

S yii 8xdx; >0 (6)

i=1

82y(0) —K
i=

-

where K is a positive numerical constant and will be
dropped from the subsequent treatment which evaluates
only the sign of 8%, For a stable system, 8%y‘® is posi-
tive; for an unstable system, it is negative, Thus, the limit
of intrinsic stability is the point at which §2y® becomes
Zero.

Since the variations 8x; and 8x; may be either positive
or negative, it is more convenient to rearrange the sum-
mations in a sum-of-squares form. As indicated in Ap-
pendix L,* the result is

oo () - Dk
2 2, Y dxdxy = D 5 8Z2>0  (7)

i=1 j k=1 k-1
with
m
8Zp= Gty 8 (8)
=k Lk
and
0) ()} 0)
Yn Yz ... Yk
() 0 ()
Yo1 Yoo oo Yor
. D= . . . (9)
(0)) 0) 0)
Y1  Ye2 .. Ykk
Grij =
Y11 Y12 v Yix-1 Y1y
Yo1 Yoo e Yak-1 Ya,j
: i,j=k (10)
Ye—1,1 Yr—-12 Ye—1k—1 Yr—1,j
Yir Yiz Yik-1 Yij

Dy is a k by k principal subdeterminant of the matrix
of coefficients of the quadratic. Gy is Dy with all y,ﬁf’
terms in the kth row replaced by yi(ro > and all y,(;? > terms in

the kth column replaced by yf,o (r s any integer be-
tween 1 and k.)

Equation (7) can be greatly simplified with the use of
Legendre transforms. As shown in the first paper of this
set,” the ratio of matrices D/ Dy —1 can be expressed as

(k—1)

D/ Dre—1 = Yk (11)

where y®*~1 is the (k — 1) Legendre transform of y®
into (1, .., fk—1, Xk, + -» Xm) space. In a similar manner,*®

® Appendices I and Il have been deposited as Document No. 02493
with the National Auxiliary Publications Service (NAPS), c¢/o Microfiche
Publications, 305 E. 46 St,, N. Y., N. Y. 10017 and may be obtained
for $1.50 for microfiche or $5.00 for photocopies.

@ Beegle et al.,, 1974, Equations (31) and (35).

%¢ ibid., Equations (32) and (35).

Page 1202 November, 1974

Gues/ Dk = gy 1>k (12)
and

G/ D = 1 (18)

As an illustrative example, employing the Fundamental
Equation, Equation (4), choose a pure material where
m=n-+2=238.LetS =%,V = x;, and N = x3. Then,

from Equations (8), (7), (8), (11), and (12), (dropping
the positive constant K),

8% © = D18Z% + (Do/D1)8Zs? + (D3/D3)8Zs2 (14)
where
D= yl(f) = Uss
Do/ D1 = yéé) = Awy
D3/ Dy = yég) = Gnwn

3Z, = (G11t/D1)8x1 + (G112/D1) 8x2
+ (G113/D1) 8x3

= 8x; + !/1(21)8x2 + yfé)ﬁxa
= SS -|- ATVSV + ATNSN

825 = (Gozz/D2)8%; + (Gaza/Ds) 8%

= 8xp + yég)Sxa
= SV + GPNSN

8Z5 = (Gssa/Ds) dxs = dx; = 8N
Thus, for a pure material,
8%y = Uss[8S + ArvdV + Arn8N]2

(15)
+ AVV[SZ + GPNSN]z + GNN(SN)2

The criterion for stable equilibrium may then be ex-
pressed either as Equations (7) and (8), or by their
equivalent,

S gk 8Zi2>0 (16)
k=1
i (k)
87y = 8xx + 2 Yj O%; (17)
j=k+1

An important simplification remains to be carried out
for Equation (16). Consider the last term in the sum, that

is, y,f:,';_l)SZmz. The partial Legendre transform y(m—l) isa

function of (£, &, - . ., €m—1, Xm). Since

m-1> _ ( oty " ) _ ( om )
Yrm 0%m®  / lrbm—1 0%m 7 §1,ebm—1
(18)
then y,(n'fn_l) must be zero since, by specifying (m — 1)

intensive variables (¢y, ..., ém—1), all other intensive vari-
ables in a system are fixed. That is, since the second
derivative itself is a derivative of an intensive property
with respect to an extensive property at constant (m — 1)
intensive variables, then it must be identically zero. Thus
the upper limit on the sum in Equation (17) should be
(m — 1), notm,

The final result may be stated concisely: for a stable
system

gk P>0 k=1,...,m—1 (19)

The limit of intrinsic stability is defined by the condition
at which any one of these second-order partial derivatives
becomes zero.
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A NECESSARY AND SUFFICIENT CRITERION
OF STABILITY

If the generalized derivative operator introduced in
Appendix 11 of Beegle et al. (1974) is employed to reduce
(k—1)
Yk then

- (y:(c'f::-zh)z/yiﬁji(k—n (20)

From the stability criteria, Equation (19), both y,(c';:—l)

-1 _  (k=2)
Yxk = Ykk

well as y((,':__f))(k_l) must be positive. It is then clear from

(k—2)

Equation (20) that yg must also be positive, It may

also be noted that y,g: ~2 would have been the coefficient
of 8Zy if the ordering of variables x;—; and x; were to have
been reversed. Thus, it is reasonable to expect no unusual

, . , k—1) (k—2) .
behavior from this term as either yxx =~ or Yk—1)k—1) IS

reduced to simulate a system that is approaching the limit
of intrinsic stability. An important, logical conclusion may

(k—2)

then be drawn. Suppose yu-1)-1> decreases toward
. . 1 (k—2)

zero. Equation (20) then indicates that as ygc—1yac—1) de-
. k-1

creases, before it can reach the value zero, yx = becomes

negative. Thus the positive nature of y,(ct—n

, k- ..
violated before that of yﬁk_ﬁ(k_l). Generalizing, one can

state that the necessary and sufficient criterion of stability
is

is always

yg::f;(m-—n >0 (21

In other words, if y‘(?,.:zl))(m_l) is positive, then all yk(kk—”
(k=1,...,m — 1) are positive and the system is stable.
The condition at which the system reaches the limit of

ey s , (m—2)
stability is the one at which y(m—1)m—1) becomes zero.

The criterion for the limit of stability, Equation (21),
may be expressed in several alternate ways. By definition,

(m—2)
(m—2) (%
Ym-Dim—1) =\ ———

0x%m—1

_ ( Oém—1 )
0%m—1 /¢
Or, from Equation (11), Equation (21) is equivalent to

Dm—1>0 (23)

with Dy defined by Equation (9). Finally, a most useful
and general expression for Equation (21) is that

£>0 0=i=m-—2 (24)

where [; is a determinant defined as

1>-sfm—2:Tm

i) i) O]
Ya+ DG+ Ya+na+2) Ya+1m—-1
W

) )
Ya+ra+1  Ya+26+2) Ya+22m—-1)

0 O
Ym—-1DG+1  Ym—-1G+2)

)
Ym-1(m~1)

(25)

For any i and § between 0 and m — 2, £;/L; is a positive
constant and therefore any single £; can be used to test
stability.
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TABLE 1. EQUIVALENT STABILITY CRITERIA FOR A
PURE MATERIAL

Ordering of (x1, x2, x3) Stability criterion
(S, V,N) Ayy = —(8P/3V)rn>0
(S,N,V) Ay = (9u/dN)1y >0
(V,5,N) Hss = (9T/4S)pn>0
(V,N,S) Hyy = (3u/dN)ps>0
(N,5,V) Uss = (dT/88)uy >0
(N, V,S) Uvy = —(8P/3V)us>0

Note: Following the convention introduced by Beegle et al. (1974),
potential functions in which one mole number is transformed to
a chemical potential are denoted by a prime, those in which
two mole numbers are transformed are denoted by a double
prime, etc. Thus, U’ = £(S, V, u1, N2, .. ., Nun).

APPLICATIONS TO THERMODYNAMIC SYSTEMS

Pure Substances
In this case, Equation (4) reduces to

t_J = g(_s: ‘_’s N) = U(xl’ X2, x3) (26)
To apply the criterion of stability, Equation (24), one
must tirst choose the ordering of SV, and N. For example,
if S =,V =23, N = 3, then y@ = U, y'V = 4, and

n = 3. Only two forms of Equation (2_4) are po;‘sible,
that is, when{ = O and i = 1.

i=0
Uss Usy
Lo = >0 27
0 ’Uvstv (27)
i=1
Ly =Aw>0 (28)

Equations (27) and (28) are completely equivalent cri-
teria.

Usually, however, the (m — 2) transform criterion
[that is, Equation (21) or (28)] is employed to delineate
the stability criterion. Thus,

B _(324) _ (ap) B 1(aP) oo
v aV2/ N - aV /1N T N \gv/;
(29)

Equation (29) expresses the well-known fact that, for
stable systems of pure materials, the pressure increases as
the volume decreases if the system is constrained to be
isothermal and of constant mass.

Yet even Equations (27) and (28) are not unique ways
to express the stability criterion for pure materials. Differ-
ent ordering of the x;, x, x5 (that is, S, V, N) set pro-
duces equivalent criteria. In fact, there are six equivalent
forms of Equation (21), and these are listed in Table 1.
If a pure-component system were to reach the limit of
intrinsic stability, all of these criteria would be violated
(that is, equal zero) simultaneously, for example at points
(e) and (f) in Figure 1.

The criteria shown in Table 1 indicate that when a

system is stable, all yl(c,l:—l)

must be positive. In the pure

component case, the only other positive term is yl(f ) (Uss,
Uvyy, or Unn). For example, Uss = (82U/882)yn = (3T/
8S)v.n = T/NC, > 0. C, is then positive. As noted pre-
viously, but repeated again for reemphasis, Ugs never at-
tains a zero or negative value as the system becomes un-
stable since higher-order criteria (Table 1) approach zero
values before lower order terms.
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TABLE 2, STABILITY CRITERIA FOR BINARY SYSTEMS OF A AND B

Ordering of (x1, x3, x3, %4)
(5,V,Na, NB)
(S, N4, V,Ns)
(S, Na,Ng, V)
(V, N4, S, NB)
(V, N4, N8, 8)
(N4, Ng, 5, V)

(NA, NB: Y) §_)
where A
El
y"

f(T,V, na, Ns)
f(S, P, ua, NB)
f(S,V, a, uB)

i

Stability criteria

ou
Gaa = ( —A—) >0
dNs/1pNB
o= (B
w = —\ >
8V /rua.np
[7)
A'gg = ( s ) >0
aNB T.nAV
" aT
Hgs = —_ >0
88 /Pua.ng
Ous
H'gp = ( —_— >0
ONB /pPuas
” aT
U’ss = — >0
a_q_ HAMB,V
» aP
Ulygy = — | — >0
0V /uauB.S

Note: Any ordering of (x1, ¥3, x3, x4} which differs only in the arrangement of the first two variables and/or in the ordering of N4, Nz are not shown

in this table.

Binary Systems
For a system composed of A and B,

U =U(S,V, Na, Ns) (30)

Choosing the (xy, ...,%s) ordering as given in Equation
(80), then the stability limit criterion is simply

@D _ o ( °G )
Yaa = Taan = ONa%/r.p.Np

>0 (81)

Or, in a more common form,

Opa )
>0 (32)
( N4/ 1.pNp

Different stability criteria may be determined if the order-
ing of the independent variables in Equation (30) is
changed. These are shown in Table 2. As for pure com-
ponent systems, all the criteria are identical, and if a sys-
tem should reach the limit of intrinsic stability, all are
violated simultaneously.

The binary stability criterion, Equation (31) [or Equa-
tion (32) or any of the forms in Table 2] may not always
be particularly convenient to use. For example, P-V-T data
or correlations are normally expressed in a pressure ex-
plicit equation of state, that is,

P=f(Y, T’NA,NB) (33)

In this case, criteria employing the Helmholtz free energy
are more desirable. With Equations (24) and (25) and
fori =1,y =A,x =8,% =V,x3 = Ns, x4 = Ng,

(1) (1)

Yoo Yo3 Ayy  Aya

Ly = = >0 (34)
(
yéé) ys;) Ava Aua
where
Ay = (aé/ag)m = —P and
Ayy = (azé/a‘_lz)T.N = - (aP/ag) T,N
Ays = (azé/ayaNA) = — (3P/3NA)T,V,NB
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and
Asa = (0°A/0N4?)ry.Np = (0pa/dNa) Tv.NB
(85)

_ ( 8%P ) av + RT
T YW\ 5N 2 v.Ng — Na

Thus all the A;; derivatives may be found given an equa-
tion of state of the form shown in Equation (33). [Equa-
tion (85) is derived in Appendix I1.%]

A binary system becomes unstable over a larger domain
than a pure component, that is, Equation (34) is more
restrictive than the pure-material criterion, Equation (29).
This may be illustrated on Figure 2 where pressure is plot-
ted as a function of specific volume. Equation (83) is
assumed to be given by the Redlich-Kwong equation of
state (Redlich and Kwong, 1949). The isotherms intersect
the curve encompassing the unstable domain (the
spinoidal curve) with finite negative slopes. Clearly Equa-
tion (29) is not the first criterion to be violated as this
binary becomes unstable.

Ternary Systems

The final example illustrated here is a ternary system of
A, B, and C. Extrapolation to multicomponent systems is
readily accomplished.

For the system to be stable, with m = 5, Equation (21)
indicates that

yse >0 (36)

or if one should desire to express this criterion using de-
rivatives of the Helmholtz free energy, then with Equation
(25),i=1,

Ayy Ava Avp
Ly=| Aav Ass Aas | >0 (87)
Apvy Apa Ass

The second-order derivatives were defined earlier and
may be readily determined with a pressure explicit equa-
tion of)state (see also Appendix II for Asa, App, and Aup
= Apa).

The form of Equation (36) or Equation (37) will, of
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course, change depending on the ordering of the variables
S, v, N4, Ng, and Nc. We show in Table 3 some of the
equivalent forms. To expand slightly on this point, con-
sider the first form in Table 3. The y® Legendre trans-
form may be expressed as (Beegle et al., 1974),

y® = g’ = f(T, P, pa, N3, N¢)

(38)
=U—TS + PV — psNy

CALCULATIONS MADE
USING REDLICH - KWONG EQUATION-OF - STATE
COMPONENT A COMPONENTB
MOLE FRACTION
607 - Tc, °K 500 7oo
Pc, ATM 26 20
}
40!
s
[
<{
w 204
1
]
wy
wy
P UNSTABLE
a 450 REGION
1 °K
ok - e —————
-20j
|
L : _J
2 5 |0 15

SPECIFIC VOLUME (Liters /g-mol)

Fig. 2. Unstable region for a binary mixture.

= —SdT + VdP
— Nadpa + psdNp + ucdNe

(), .
—_— frasn) B = F’B
ONB /1,puanNc

dy® = dG’

( dy® )
Toxg
and

( a2y(3) )
6x42

£1.62.63.25

(352)
~ \aNg? /rpuanc

oum
e ()
BB NG

A ternary P-V-T plot for a given ternary will be similar
to that shown on Figure 2 though the unstable region is
now even larger than shown for the binary.

£1,€2,63.25

(39)

T.P,ua.NC

CONCLUDING REMARKS

In this paper we have developed the criterion of stability
that is applicable for both pure materials and multicom-
ponent systems, The development utilized Legendre trans-
form theory described in the first paper of this set (Beegle,
et al, 1974). It was demonstrated that the criterion of
stability could be expressed very simply in terms of a
single second-order partial derivative [Equation (21)] of
a Legendre transform of the (m — 2} order, m being the
number of independent variables. Two other significant
results were that: the necessary and sufficient stability
criterion could be expressed in various ways depending
on the ordering of the independent variables (see Tables
1, 2, 3); and that alternate and equivalent criteria could
be developed with lower-order Legendre transforms
[Equation (24)] so that pressure explicit equations of
state may be readily employed to delineate the limits of
intrinsic stability. Note that although an equation of state
may fit well thermodynamic data outside the multiphase
domain, it may not accurately describe the behavior of
real systems in the domain of metastable states unless
fitted to adequate experimental data in this domain.

TaBLE 3. STABILITY CRITERION FOR TERNARY SYSTEMS OF A, B, C

Ordering of (x1, x2, x3, %4, x5)
(5,V, Na, Np, N¢)
(S, N4, Ng,V, Nc)
(S, N4, Np, N¢, V)
(V, N4, N3, 5, Nc)
(V, Na, N, Nc, S)
(N4, NB,N¢, 5, V)

(NA’ NB: NC', Y} S_)

where G' = f(T, P, ua, Np, Nc)
A" = f(T,V, ua, ps, Nc)
H” = {(S, P, pa, u8, Nc)
U”" = f(S,V, 14, uB, uc)

Stability criterion

ouB
GBg = ( —_— ) >0
N B / T.P.ua.NC
Ayvy = ( >0
%V T.rAuBNC
Acc = ( He >0
oNc /r »UAMB,Y
oT
H"ss = —_ >0
88 /pPuaunp.NC
duc
H'cce = ( L ) >0
6 P,uA,uB,S
U"’SS = ( ) > 0
BAMBMCY.

U”’VV = — >0
8‘_7 HAMBHC,S,

Note: Any ordering of (x1, x2, xs, x4, ¥5) which differs only in the arrangement of the first three variables and/or in the ordering of N4, N3, N¢ are

not shown in this table.
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In a subsequent paper, the critical point condition will
be discussed and the results of the first two papers illus-
trated with real systems, that is, the spinoidal and critical
points of pure components and mixtures will be determined
using typical equations of state.

NOTATION

A = total Helmholtz free energy

Gyr = determinant defined in Equation (10)
Dr = determinant defined in Equation (9)
G = total Gibbs free energy

H = total enthalpy

L; = determinant defined in Equation (25)
N; = molesofj

P = pressure

R = gas constant

S = total entropy

T = temperature

U = total energy

V = total volume

x; = extensive independent variable

y®> = kth order Legendre transform

Zx = extensive parameter defined in Equation (8)

Greek Letters
p; = chemical potential of j
¢ = intensive independent variable that is the con-

jugate coordinate of x;

LITERATURE CITED

Beegle, B. L., M. Modell, and R. C. Reid, “Legendre Trans-
forms and Their Application in Thermodynamics,” AICKE ],
20, 1194 (1974).

Cazlen, H. B., Thermodynamics, Ch. 5, 6, 8, Wiley, New York

1960).

Gibbs, J. W., “On the Equilibrium of Heterogeneous Substan-
ces,” Trans. Conn. Acad. 111, 108 (1876); 343 (1878).

Modell, M., and R. C. Reid, Thermodynamics and Its Appli-
cations, Ch. 5, 7, Prentice-Hall, Englewood Cliffs, N. J.
(1974)).

Miinster, A., Classical Thermodynamics, Ch. II, VI, (Trans. by
E. S. Halberstadt, Interscience, New York (1970).

Prigogine, 1., and R. Defay, Chemical Thermodynamics, Chap-
ters XV, XVI, Trans. by D. H. Everett, Longmans, Green and
Co., New York (1952).

Redlich, O., and J. N. S. Kwong, “On the Thermodynamics of
Solutions V,” Chem. Rev., 44, 233 (1949).

Rowlinson, ]. S., Liquids and Liquid Mixtures, Ch. 5, Butter-
worth, London (1969).

Manuscript received May 29 and accepted September 16, 1974.

Charged Membrane Ultrdfiltration of
Inorganic lons in Single and Multi-Salt

Systems

An experimental study of the ultrafiltration of several ionic inorganic
solutes, using a negatively-charged membrane, is detailed. Both single salt
and multi-salt systems are investigated in a continuous flow, thin channel
unit, with an average transmembrane pressure difference of 2.76 X 108
N/m? and a channel Reynolds number of 2800. The solute rejection is pre-
dictable to some extent in terms of Donnan ion exclusion theory, and the
water flux is dictated by the combined effects of osmotic pressure and mem-

brane-cation interaction.

In the single salt experiments, the anion rejections can be related to the
inlet (feed) concentration by power functions of the form: rejection = 1-—
K Cg&, in which 0 < a < 1.0. The power a is 0.4 for chloride salts, 0.25 for
monovalent oxyanion salts, and 0.1 for divalent oxyanion salts, but a is
independent of the cation present (Na*, Ca?*, or La®*). The constant K
is generally a function of both the anion (except in the case of SO42—,
HPO.2~, and CrO,2~) and the cation, being determined by such factors as

D. BHATTACHARYYA
J. M. McCARTHY
and

R. B. GRIEVES

Department of Chemical Engineering
University of Kentucky
Lexington, Kentucky 40506

ion charge density and membrane-cation interaction. The membrane re-
sistance to water flux is found to depend on cation charge and cation radius.
For systems containing two or more salts, the presence of a divalent anion
decreases the rejection of the monovalent anion. For multi-salt systems, a
rejection of Ca2+ plus Mg2+ of 0.82 and a water flux of 12.9 X 10~* cm/s
(27.2 gal/ft’-day) are achieved at a transmembrane pressure difference
of 4.10 X 10° N/m? (4.1 atm), indicating that the process has considerable

potential for industrial water softening.

SCOPE

Ultrafiltration is a pressure-activated membrane process
and is generally carried out at low pressures of about
10° to 10° N/m? Ultrafiltration with conventional un-
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charged anisotropic membranes has been used primarily
for the separation of modest molecular weight organic
solutes, organic macromolecules, and colloids from
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